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Abstract—Dynamic Bin Packing (DBP) is a variant of classical bin packing, which assumes that items may arrive and depart at

arbitrary times. Existing works on DBP generally aim to minimize the maximum number of bins ever used in the packing. In this paper,

we consider a new version of the DBP problem, namely, the MinTotal DBP problem which targets at minimizing the total cost of the

bins used over time. It is motivated by the request dispatching problem arising from cloud gaming systems. We analyze the competitive

ratios of the modified versions of the commonly used First Fit, Best Fit, and Any Fit packing (the family of packing algorithms that open

a new bin only when no currently open bin can accommodate the item to be packed) algorithms for the MinTotal DBP problem. We

show that the competitive ratio of Any Fit packing cannot be better than mþ 1, where m is the ratio of the maximum item duration to

the minimum item duration. The competitive ratio of Best Fit packing is not bounded for any given m. For First Fit packing, if all the item

sizes are smaller than 1
b
of the bin capacity (b > 1 is a constant), the competitive ratio has an upper bound of b

b�1 � mþ 3b
b�1 þ 1. For the

general case, the competitive ratio of First Fit packing has an upper bound of 2mþ 7. We also propose a Hybrid First Fit packing

algorithm that can achieve a competitive ratio no larger than 5
4mþ 19

4 when m is not known and can achieve a competitive ratio no larger

than mþ 5 when m is known.

Index Terms—Dynamic bin packing, online algorithms, competitive ratios, worst case bounds, theory

Ç

1 INTRODUCTION

BIN packing is a classical combinatorial optimization
problem which has been studied extensively [11], [13].

In the classical bin packing problem, given a set of items, the
objective is to pack the items into a minimumnumber of bins
such that the total size of the items in each bin does not
exceed the bin capacity. Dynamic bin packing (DBP) is a gen-
eralization of the classical bin packing problem [12]. In the
DBP problem, each item has a size, an arrival time and a
departure time. The item stays in the system from its arrival
to its departure. The objective is to pack the items into bins to
minimize the maximum number of bins ever used over time.
Dynamic bin packing has been used in [19] and [26] to model
the resource consolidation problems in cloud computing.

In this paper, we consider a new version of the DBP
problem, which is called the MinTotal DBP problem. In this
problem, we assume that each bin used introduces a cost
that is proportional to the duration of its usage, i.e., the
period from its opening (when the first item is put into
the bin) to its close (when all the items in the bin depart).
The objective is to pack the items into bins to minimize the
total cost of packing over time. We focus on the online ver-
sion of the problem, where the items must be assigned to
bins as they arrive without any knowledge of their depar-
ture times and future item arrivals. The arrival time and the
size of an item are only known when the item arrives and

the departure time is only known when the item departs.
The items are not allowed to move from one bin to another
once they have been assigned upon arrivals.

The MinTotal DBP problem considered in this paper is
primarily motivated by the request dispatching problem
arising from cloud gaming systems. In a cloud gaming sys-
tem, computer games run on powerful cloud servers, while
players interact with the games via networked thin clients
[17]. The cloud servers run the game instances, render the
3D graphics, encode them into 2D videos, and stream them
to the clients. The clients then decode and display the video
streams. This approach frees players from the overhead of
setting up games, the hardware/software incompatibility
problems, and the need for upgrading their computers reg-
ularly. Cloud gaming is a promising application of the rap-
idly expanding cloud computing infrastructure, and it has
attracted a great deal of interests among entrepreneurs and
researchers [23]. Several companies have offered cloud
gaming services, such as GaiKai [2], OnLive [3], and Stream-
MyGame [4]. The cloud gaming market has been forecasted
to reach eight billion US dollars in 2017 [1].

Running each game instance demands a certain amount
of GPU resources and the resource requirement can be dif-
ferent for running different games. In a cloud gaming sys-
tem, when a playing request is received by the service
provider, it needs to be dispatched to a game server that has
enough GPU resources to run the game instance of this
request. Several game instances can share the same game
server as long as the server’s GPU resources are not satu-
rated. Each game instance keeps running in the system until
the user stops playing the game. In general, the migration of
game instances from one game server to another is not pref-
erable due to large migration overheads and interruption to
game play. In order to provide a good user experience, the
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gaming service provider needs to maintain a set of game
servers with powerful GPUs for rendering the game
instances. Constant workload fluctuation in cloud gaming
makes the provisioning of game servers a challenging
issue. The on-demand resource provisioning services in
public clouds like Amazon EC2 provide an attractive solu-
tion. With these services, game service providers can rent
virtual machines on demand to serve as game servers and
pay for the resources according to their running hours.
This frees game service providers from the complex pro-
cess of planning, purchasing, and maintaining hardware.
This approach has been adopted by many cloud gaming
service providers like Gaikai and OnLive [27]. In the cloud
gaming systems that use public clouds, one natural and
important issue is how to dispatch the playing requests to
game servers (i.e., virtual machines) so that the total cost
of renting the game servers is minimized. The online Min-
Total DBP problem we have defined exactly models this
issue, where the game servers and playing requests corre-
spond to the bins and items respectively.

For online bin packing, Any Fit packing algorithms
have been extensively studied since they are simple and
make decisions based on the current system state only. A
packing algorithm is an Any Fit algorithm if it never
packs an item in a new bin when there is a currently
open bin with enough room for the item. First Fit (FF)
and Best Fit (BF) are two commonly used Any Fit packing
algorithms. First Fit puts a new item into the earliest open
bin that can accommodate the item. Best Fit assigns a new
item to the open bin with smallest residual capacity that
can accommodate the item, ties broken in favor of the
lowest-indexed open bin. In this paper, we analyze the
performance of the modified versions of the First Fit, Best
Fit and arbitrary Any Fit packing algorithms for the Min-
Total DBP problem. We assume that an infinite number
of bins are available for packing and all the bins have the
same capacity and the same usage cost per unit time.

This paper extends a preliminary conference version [21]
with significantly improved analysis, particularly on the
competitive ratio of First Fit packing. The contributions of
this paper are as follows. Let m be the ratio of the maximum
item duration to the minimum item duration. We prove that
when m > 1, the competitive ratio of Any Fit packing cannot
be better than mþ 1, and the competitive ratio of Best Fit
packing is not bounded for any given m. We show that for

the case where all the item sizes are smaller than 1
b
of the bin

capacity (b > 1 is a constant). The competitive ratio of First

Fit packing has an upper bound of b
b�1 � mþ 3b

b�1 þ 1. For the

general case, First Fit packing has a competitive ratio no
larger than 2mþ 7. In addition, we propose a Hybrid First
Fit (HFF) packing algorithm which classifies and assigns
items according to their sizes. Hybrid First Fit packing can

achieve a competitive ratio no larger than 5
4mþ 19

4 when m is

not known and a competitive ratio no larger than mþ 5
when m is known.

The rest of this paper is structured as follows. The
related work is summarized in Section 2. Section 3 introdu-
ces the system model, notations and packing algorithms.
In Sections 4.1 to 4.3, the competitive ratios of First Fit,
Best Fit, and arbitrary Any Fit packing algorithms for the

MinTotal DBP problem are analyzed. Then, the Hybrid
First Fit packing algorithm is proposed and its competitive
ratio for the MinTotal DBP problem is analyzed in
Section 4.4. Finally, conclusions are made and future work
is discussed in Section 5.

2 RELATED WORK

Cloud gaming systems have been implemented for both
commercial use and research studies [3], [4], [17]. However,
most of the existing work has focused on measuring the per-
formance of cloud gaming systems [10], [25]. To the best of
our knowledge, the resource management issues of cloud
gaming have never been studied. The MinTotal DBP prob-
lem studied in this paper is related to a variety of research
topics including the classical bin packing problem and its
variations, as well as the interval scheduling problem.

The classical bin packing problem aims to put a set of
items into the least number of bins. The problem and its
variations have been studied extensively in both the off-
line and online versions [11], [15]. It is well known that
the offline version of the classical bin packing problem is
NP-hard [16]. For the online version, each item must be
assigned to a bin without the knowledge of subsequent
items. The items are not allowed to move from one bin
to another. So far, the best upper bound on the competi-
tive ratio for classical online bin packing is 1.58889,
which is achieved by the HARMONIC++ algorithm pro-
posed in [24]. The best known lower bound for any
online packing algorithm is 1.54037 [5].

Dynamic bin packing is a variant of the classical bin
packing problem [12]. It generalizes the problem by assum-
ing that items may arrive and depart at arbitrary times. The
objective is to minimize the maximum number of bins ever
used in the packing. Coffman et al. [12] showed that the
First Fit packing algorithm has a competitive ratio between
2.75 to 2.897 and no online algorithm can achieve a competi-
tive ratio smaller than 2.5 against an optimal offline adver-
sary that can repack everything at any time for free. Chan
et al. [9] proved that the lower bound 2.5 on the competitive
ratio also holds when the offline adversary does not repack.
Ivkovic and Lloyd [18] studied an even more general prob-
lem called the fully dynamic bin packing problem, where
the online algorithm is also allowed to move already-
packed items to different bins at any time for free. They
proposed an online algorithm that achieves a competitive
ratio of 1.25. Chan et al. [8] studied dynamic bin packing of
unit fractions items (i.e., each item has a size 1

w for some inte-
ger w � 1). They showed that all Any Fit algorithms have
competitive ratios 3.0 or better, that this bound is tight for
Best Fit and Worst Fit, that First Fit has a competitive ratio
between 2.45 and 2.4942, and that no online algorithm can
have a competitive ratio better than 2.428. Classical dynamic
bin packing does not consider bin usage costs and focuses
simply on minimizing the maximum number of bins ever
used. In contrast, the MinTotal DBP problem considered in
this paper aims to minimize the total cost of the bins used
in the packing.

The interval scheduling problem [20] is also related to
our problem. The classical interval scheduling problem
considers a set of jobs, each associated with a weight and an
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interval over which the job should be executed. Each
machine can process only a single job at any time. Given a
fixed number of machines, the objective is to schedule a fea-
sible subset of jobs whose total weight is maximized [6].
Flammini et al. [14] have extended the classical model to a
more general version, which is called interval scheduling
with bounded parallelism. In this model, each machine can
process g > 1 jobs simultaneously. If there is a job running
on a machine, the machine is called busy. The objective is to
assign the jobs to the machines such that the total busy time
of the machines is minimized. It was proved that the prob-
lem to minimize the total busy time is NP-hard for g � 2 and
a 4-competitive offline algorithm was proposed. Mertzios
et al. [22] considered two special instances: clique instances
(the intervals of all jobs share a common time point) and
proper instances (the intervals of all jobs are not contained
in one another), and provided constant factor approximation
algorithms for these instances. However, the interval sched-
uling problem differs from our problem because the ending
time of a job is known at the time of its assignment in inter-
val scheduling, whereas in our MinTotal DBP model, the
departure time of an item is not known at the time of its
assignment. Furthermore, our MinTotal DBP problem does
not assume that all the items have the same size, so the num-
ber of items that can be packed into a bin is not fixed.

3 PRELIMINARIES

3.1 Notations and Definitions

Table 1 lists some notations used in this paper. Each item r
to pack is associated with a three-tuple aðrÞ; dðrÞ; sðrÞð Þ,
where aðrÞ, dðrÞ and sðrÞ denote the arrival time, the depar-
ture time and the size of r respectively. Let IðrÞ denote the
time interval in which item r stays in the system (assume
that dðrÞ > aðrÞ is always true). We say that item r is active
during this interval. The interval length of item r is repre-
sented by lenðIðrÞÞ ¼ dðrÞ � aðrÞ. We extend the definition
of len to unions of intervals by saying that lenð[r2RIðrÞÞ is
the length of time in which at least one item in R is active,
and also refer to this as spanðRÞ. Fig. 1 shows an example
of the span. Let uðrÞ ¼ sðrÞ � lenðIðrÞÞ denote the resource
demand of item r. For any list of items R, we define the total
resource demand ofR as uðRÞ ¼Pr2R uðrÞ.

Without loss of generality, we assume in what follows
that the bins all have unit capacity, and that the cost of using
a bin for an interval of length L is simply L itself. At any
time, the total size of all the items in an open bin is called
the level of the bin. Let P be a packing of a list of items, and
define P ðtÞ to be the number of bins containing items at
time t in P . Then, the total cost of a packing P of a list of
itemsR is

TotalCostðP Þ ¼
Z maxr2RdðrÞ

minr2RaðrÞ
P ðtÞdt;

where minr2RaðrÞ is the time of the first item arrival and
maxr2RdðrÞ is the time of the last item departure. Our goal is
to find a packing P ofR that minimizes the total cost.

3.2 Packing Algorithms

We consider versions of the standard bin packing algo-
rithms which are modified as follows. When an empty bin
first receives an item, we shall say that the bin is opened.
When an open bin again becomes empty, we say that it has
been closed. Our modification is that, once a bin is closed, it
is permanently closed, and we never place another item in it.
Such a decision would be counterproductive in the
Dynamic Bin Packing problem, where the goal is to mini-
mize the number of bins used. It makes sense for our appli-
cations, however, where once a bin (server) becomes idle,
we no longer pay for it, and it becomes indistinguishable
from all the other idle servers. It also yields algorithms that
are easier to reason about.

According to this set up, a Modified Any Fit (MAF) algo-
rithm is any packing algorithm that never places an item in
a new bin if it would fit in any of the currently open bins.
We shall prove results that apply to all MAF algorithms, as
well as results about the following two particular MAF
algorithms.

� Modified Best Fit. The MAF algorithm which, if there
is one or more open bins that can accommodate the
current item, places the item in the one that accom-
modates the item with the least space left over, ties
broken in favor of the lowest-indexed open bin.

� Modified First Fit. The MAF algorithm which, if there
is one or more open bins that can accommodate the
current item, places the item in the lowest-indexed
open bin that has room for it.

For simplicity in what follows, we shall often refer to
these algorithms simply as Best Fit and First Fit , but rea-
ders should keep in mind that we are talking about the
modified versions.

TABLE 1
Summary of Key Notations

Notation Definition

aðrÞ the arrival time of an item r
dðrÞ the departure time of an item r
sðrÞ the size of an item r
IðrÞ the time interval in which an item r is active
lenðIðrÞÞ the length of IðrÞ
uðrÞ the resource demand of an item r, uðrÞ ¼

sðrÞ � lenðIðrÞÞ
spanðRÞ the span of an item listR, spanðRÞ ¼

lenð S r2RIðrÞÞ
uðRÞ the total resource demand of an item list

R, uðRÞ ¼Pr2R uðrÞ
TotalCostðPA;RÞ the total cost of a packing algorithm A applied

to an item listR
OPTtotalðRÞ the total cost of an optimal offline adversary

that can repack everything at any time

Fig. 1. Span of an item list.
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The performance of an online algorithm is normally
measured by its competitive ratio, i.e., the worst-case ratio
between the cost of the solution constructed by the algo-
rithm and the cost of an optimal solution [7]. Given a list of
items R, let OPT ðR; tÞ denote the minimum achievable
number of bins into which all the active items at time t can
be repacked. Define

OPTtotalðRÞ ¼
Z maxr2RdðrÞ

minr2RaðrÞ
OPT ðR; tÞdt:

It is easy to obtain the following two lower bounds on
OPTtotalðRÞ:
Bound (b.1): OPTtotalðRÞ � uðRÞ;
Bound (b.2): OPTtotalðRÞ � spanðRÞ:

The first bound is derived by assuming that no bin capac-
ity is wasted at any time. The second bound is derived from
the fact that at least one bin must be in use at any time when
there is at least one active item.

For an algorithmA, let PA;R denote the packing produced
when A is applied to a list of items R. Then, the total cost of
algorithmA applied toR is TotalCostðPA;RÞ. The competitive
ratio for A is the maximum of TotalCostðPA;RÞ=OPTtotalðRÞ
over all lists of items R. A standard approach to deriving
bounds on the competitive ratio is to prove the following
relation for allR:

TotalCostðPA;RÞ � a �OPTtotalðRÞ;
where a is a constant [12]. Then, the competitive ratio for
algorithm A is bounded above by a.

4 THE COMPETITIVE RATIOS

In this section, we analyze the competitive ratios of the
packing algorithms for the MinTotal DBP problem. For any

item list R, let m ¼ maxr2RlenðIðrÞÞ
minr2RlenðIðrÞÞ denote what we shall

call the max/min item interval length ratio, where

maxr2RlenðIðrÞÞ is the maximum interval length among all

the items r 2 R and minr2RlenðIðrÞÞ is the minimum inter-

val length among all the items r 2 R.

4.1 A Lower Bound for Any Fit Packing

First, we have the following result for Any Fit packing.

Theorem 4.1. For any Modified Any Fit algorithm A, the Min-
Total DBP competitive ratio of A is at least mþ 1, assuming
m > 1.

Proof. Let A be a Modified Any Fit algorithm. Let D be the
minimum item interval length and mD be the maximum
item interval length. Let k be an integer such that
1
k < ðm� 1Þ. At time 0, let k2 items of size 1

k arrive. A needs

to open k bins to pack these items. Then, let one item

depart from each open bin at time D. At time Dþ 1
2kD, let

k items of size 1
k arrive. It is easy to see that each of the k

new items will be assigned to a different bin by A. After
that, let all the “old” items (i.e., the items arrived at time

0) leave the system at time Dþ 1
kD. At time ðmþ 1ÞD þ

1
2kD, all the remaining items (i.e., the k items arrived at

time Dþ 1
2kD) leave the system.

As shown in Fig. 2, there are always k open bins by

algorithmA from time 0 to ðmþ 1ÞDþ 1
2kD. Thus, the total

cost of A is TotalCostðPA;RÞ ¼ kðmþ 1þ 1
2kÞD. From time

Dþ 1
kD to ðmþ 1ÞDþ 1

2kD, there are only k active items in

the system which can in fact be packed into one bin.

Therefore, OPTtotalðRÞ � kðDþ 1
kDÞ þ ðmDþ 1

2kD� 1
kDÞ ¼

mD� 1
2kD. It follows that

TotalCostðPA;RÞ
OPTtotalðRÞ � kðmþ 1ÞD

kðDþ 1
kDÞ þ ðmD� 1

2kDÞ

¼ kðmþ 1Þ
kþ 1þ m� 1

2k

� kðmþ 1Þ
kþ 1þ m

¼ mþ 1

1þ 1
k ðmþ 1Þ :

(1)

It is obvious that expression (1) is monotonically

increasing with k and limk!þ1 mþ1

1þ1
k
ðmþ1Þ ¼ mþ 1. So, given

any small value " > 0, we can always find an integer k

such that
TotalCostðPA;RÞ
OPTtotalðRÞ > mþ 1� ". Therefore, the compet-

itive ratio of algorithm A is at least mþ 1. tu

4.2 Best Fit Packing

Next, we analyze the performance of Best Fit. Surpris-
ingly, Best Fit is not competitive at all for the MinTotal
DBP problem.

Theorem 4.2. The MinTotal DBP competitive ratio of Best Fit is
unbounded even when instances are restricted to those with
m � B for any constant B > 1.

Proof. Let k be an integer. Let D be the minimum item inter-
val length and mD be the maximum item interval length.
Suppose that all the items have the same size ", where "

is sufficiently small and 1
" is an integer.

At time 0, let k
" items arrive. Best Fit needs to open k

bins to pack all these items since their total size is k.
Denote these k bins by b1; b2; . . . ; bk. At time D, for each
bin bi, let some items depart to leave the level of bi at
1
k � i � ".

Then, let items arrive and depart according to the
following iterative process. In the jth (j � 1) iteration,
k groups of items arrive sequentially in the period

Fig. 2. Bin levels by a Modified Any Fit algorithm.
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½jmD� d; jmD�, where d < ðm� 1ÞD. The items in each
group arrive at the same time and the ith group has
1
k�ðj�kþiÞ�"

" items. By using Best Fit, the items in the first

group (i.e., i ¼ 1) will be assigned to b1 since b1 is the bin
with the highest level in the system. After the items in the
first group are packed, before the second group of items
arrive, let all the “old” items in b1 (the items arrived before
time jmD� d) depart. Then, the level of b1 will become
1
k � ðjkþ 1Þ � ". Next, the second group will be assigned to

bin b2, and so on so forth. In general, the items in the ith
group will be packed in bi since bi is the bin with the high-
est level in the system when the ith group of items arrive.
Before the ðiþ 1Þth group of items arrive, let the “old”

items in bi depart to leave the level of bi at
1
k � ðjkþ iÞ � ".

Fig. 3 shows the bin levels in the first few iterations.
Consider the time interval ½0; nmD� in the above pack-

ing process, where n is an integer. Since there are always
k open bins in the system, the total of Best Fit is
TotalCostðPBF;RÞ ¼ knmD. On the other hand, the total
resource demand in the period ½0;D� is kD. After time D,
except the periods ½jmD� d; jmD� (for each 1 � j � n), all
the active items in the system can be packed into one bin
at any time. For the periods ½jmD� d; jmD�, at most two
bins are required to pack all the active items. Therefore,

OPTtotalðRÞ � kDþ ðnmD� D� ndÞ þ 2nd

¼ kDþ ðnmD� DÞ þ nd:

It follows that

TotalCostðPBF;RÞ
OPTtotalðRÞ � knmD

kDþ ðnmD� DÞ þ nd
:

It can be proved that when n � ðk�1ÞD
mD�d

, we have

TotalCostðPBF;RÞ
OPTtotalðRÞ � k

2
: (2)

Inequality (2) implies that the ratio
TotalCostðPBF;RÞ

OPTtotalðRÞ can

be made arbitrarily large as k goes towards infinity.

Therefore, the competitive ratio of Best Fit is unbounded

evenwhenm is bounded by a constantB > 1. tu

4.3 First Fit Packing

In this section, we study the competitive ratio of First Fit.
We begin by examining the case of lists consisting of only
“small” items, that is, items with sizes smaller than 1

b
for

some constant b > 1. Let D be the minimum item interval
length and mD be the maximum item interval length.

4.3.1 Constructing Reference Periods

Suppose a total of m bins b1; b2; . . . ; bm are used by First Fit
to pack R. For each bin bi, let Ii denote the usage period of
bi, that is, the interval from the time I�i when bi was opened

until the time Iþi when it was closed. For technical reasons,

we shall view this interval as half-open, that is, as ½I�i ; Iþi Þ.
Denote the length Iþi � I�i of Ii by lenðIiÞ. Note that, by defi-
nition of First Fit, we must have I�1 � I�2 � � � � � I�m.

Let Ri denote the set of items that are assigned to bi by
First Fit, then we have Ii ¼

S
r2Ri

IðrÞ. The total cost of First
Fit is given by

TotalCostðPFF;RÞ ¼
Xm
i¼1

lenðIiÞ:

In what follows, we shall show how to construct lower
bounds on uðRÞ � OPTtotalðRÞ in terms of

Pm
i¼1 lenðIiÞ,

which will thus yield bounds on the competitive ratio of
First Fit.

For each bin bi, let Ei be the latest closing time of all the

bins that are opened before bi, i.e., Ei ¼ maxfIþj j1 � j < ig,
with E1 ¼ I�1 . We divide period Ii into two parts, ILi and IRi .

If Ei � I�i , ILi ¼ ;. Otherwise, ILi ¼ ½I�i ;minfIþi ; EigÞ. In

both cases, IRi ¼ Ii � ILi . Note that if IRi is non-empty, it

equals ½Ei; I
þ
i Þ. Fig. 4 shows an example of these definitions.

According to the definitions, we have lenðIiÞ ¼ lenðILi Þ þ
lenðIRi Þ and it follows that

TotalCostðPFF;RÞ ¼
Xm
i¼1

len
�
ILi
�þ len

�
IRi
�� �
: (3)

Obviously, for any twodifferent bins bi and bj, I
R
i \ IRj ¼ ;.

It is also easy to see that

Fig. 3. Bin levels by Best Fit.

Fig. 4. An example of usage periods.
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spanðRÞ ¼
Xm
i¼1

len
�
IRi
�
: (4)

According to (3) and (4), we have

TotalCostðPFF;RÞ ¼
Xm
i¼1

lenðILi Þ þ spanðRÞ: (5)

For each period ILi , if its length lenðILi Þ > ðmþ 2ÞD, we

split ILi into dlenðI
L
i
Þ

ðmþ2ÞDe subperiods by inserting splitter points

that are multiples of ðmþ 2ÞD before the end of ILi , i.e., at

timesminfIþi ; Eig � k � ðmþ 2ÞD, for k ¼ 1; 2; . . . ; dlenðI
L
i Þ

ðmþ2ÞDe � 1.

After splitting, if the length of the first subperiod is shorter
than 2D, we merge the first two subperiods into one. Then,
we label all the subperiods in the temporal order by Ii;1, Ii;2,
Ii;3, . . ., i.e., their left endpoints satisfy I�i;1 < I�i;2 < I�i;3 < � � �.
As before, the intervals are half-open, i.e., ½I�i;j; Iþi;jÞ. Fig. 5
shows an example of the period split.

Note that if the length of ILi does not exceed ðmþ 2ÞD, ILi
is not split. In this case, we define Ii;1 ¼ ILi .

The above splitting and merging process implies the fol-
lowing features:

Feature (f.1): lenðIi;jÞ < ðmþ 4ÞD for any i and j.
Feature (f.2): lenðIi;jÞ ¼ ðmþ 2ÞD for any j � 2 and any i.
Feature (f.3): For any i, if subperiod Ii;2 exists, then

lenðIi;1Þ � 2D.
For any set of subperiods I, we denote the total length of

the subperiods in I by lenðIÞ ¼PIi;j2I lenðIi;jÞ. Let IL be the

set of all the subperiods produced by the above splitting

and merging process from all ILi ’s. It is obvious that

lenðILÞ ¼
X
Ii;j2IL

lenðIi;jÞ ¼
Xm
i¼1

len
�
ILi
�
: (6)

For each period Ii;j, it can be shown that at least one new

item must be packed into bin bi during Ii;j ¼ ½I�i;j; Iþi;jÞ. In
fact, if lenðIi;jÞ � ðmþ 2ÞD, there must be at least one new
item packed into bi during ½I�i;j; I�i;j þ mDÞ. This is because all
the items packed into bi before I�i;j would have departed by

time I�i;j þ mD since mD is the maximum item interval length.

Thus, if no new item is packed into bi during ½I�i;j; I�i;j þ mDÞ,
bi would become empty and be closed by time I�i;j þ mD. On

the other hand, if lenðIi;jÞ < ðmþ 2ÞD, according to Feature

(f.2), Ii;j must be the first subperiod in ILi , i.e., j ¼ 1. Since bi
is opened at time I�i ¼ I�i;1, at least one new item is packed

into bi at time I�i;1.
Let tyi;j denote the time when the first new item is packed

into bi during period Ii;j. We refer to tyi;j as the reference point
of Ii;j. The above analysis implies that:

Feature (f.4): For each period Ii;1, it holds that t
y
i;1 ¼ I�i;1.

Feature (f.5): For each period Ii;j, it holds that I�i;j � tyi;j �
I�i;j þ mD.

Lemma 4.3. For each reference point tyi;j where i > 1, there must

exist at least one bin bh satisfying h < i and tyi;j < Iþh .

Proof. Assume on the contrary that all bins bh with h < i have

Iþh � tyi;j. Then, by definition, Ei � tyi;j, and hence tyi;j 2 IRi ,

contradicting our assumption that tyi;j 2 Ii;j � ILi . tu

Among all the bins bh satisfying h < i and tyi;j < Iþh , we
define the last opened bin (the bin with the highest index)

as the reference bin of Ii;j, and denote it by byi;j. We define the

time interval ½tyi;j � D; tyi;j þ DÞ associated with bin byi;j as the

reference period of Ii;j, and denote it by pyi;j. Fig. 6 shows an

example of reference bins and reference periods.
Since there is a new item packed into bi at time tyi;j and the

item size is smaller than 1
b
, the reference bin byi;j must have a

level higher than 1� 1
b
at time tyi;j according to First Fit. That

is, the total size of the items in byi;j at time tyi;j is larger than

1� 1
b
. Recall that each of these items resides in the system

for at least D time (the minimum item interval length).

Thus, each of them must stay in bin byi;j for at least D time

during the reference period pyi;j ¼ ½tyi;j � D; tyi;j þ DÞ. Denote

by uðpyi;jÞ the total resource demand of the items in bin byi;j
over period pyi;j. It follows that

uðpyi;jÞ �
�
1� 1

b

�
� D: (7)

In the following, we work towards calculating the total
resource demand of all the reference periods. If two refer-
ence periods are associated with different bins, their total
resource demand is simply the sum of their respective
resource demands. However, if two reference periods are
associated with the same bin, their total resource demand
may be smaller than the sum of their respective demands

Fig. 5. An example of period split.
Fig. 6. An example of reference bins and periods
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due to possible temporal overlap between the reference
periods. Two reference periods intersect if and only if they
are associated with the same bin and their time intervals
overlap. Note that the reference periods for two subperiods

Ii1;j1 and Ii2;j2 intersect if and only if byi1;j1 ¼ byi2;j2 and jtyi1;j1�
tyi2;j2 j < 2D.

The following two lemmas analyze the intersection
between the reference periods.

Lemma 4.4. Suppose i � j. If subperiods Ii;g and Ij;h are distinct
but have intersecting reference periods, then

(a) i < j,
(b) tyj;h � Iþi ,
(c) g ¼ 1,
(d) h ¼ 1, and
(e) lenðIi;1Þ < 2D.

Proof. a) If i ¼ j but the subperiods are distinct, we must
have g 6¼ h. Without loss of generality, assume g < h.
Thus, Ii has at least two subperiods, lenðIi;1Þ � 2D (Fea-
ture (f.3)), and lenðIi;hÞ ¼ ðmþ 2ÞD (Feature (f.2)). If g ¼ 1,

then tyi;g ¼ I�i , and so tyi;h � tyi;g � lenðIi;1Þ � 2D, and the

corresponding reference periods cannot intersect. If g > 1,

tyi;g � I�i;g þ mD � Iþi;g � 2D, so, once again, tyi;h � tyi;g � 2D,

and the corresponding reference periods cannot intersect.
Thus, wemust have i < j.

b) Since j > i, we must have I�j � I�i . If t
y
j;h < Iþi , we

would thus have tyj;h 2 Ii and so byj;h � i. But byi;g < i by

definition. So, the two reference periods could not inter-

sect. Therefore, we must have tyj;h � Iþi .
c) Now suppose g > 1. Then, lenðIi;gÞ ¼ ðmþ 2ÞD (Fea-

ture (f.2)) and tyi;g � I�i;g þ mD ¼ Iþi;g � 2D � Iþi �2D �
tyj;h � 2D, the last inequality following from (b). Once

again the corresponding reference periods cannot inter-
sect. So, we must have g ¼ 1.

d) Now suppose g ¼ 1 and h > 1. Recall that tyi;1 ¼ I�i
and that, since i < j, I�i � I�j . Since h > 1, we also know

that lenðIj;1Þ � 2D (Feature (f.3)). Therefore, tyj;h � I�j;h �
Iþj;1 � I�j;1 þ lenðIj;1Þ � I�i þ 2D ¼ tyi;1 þ 2D, and once again

the corresponding reference periods cannot intersect. So,
we must have h ¼ 1.

e) By (b), we have tyj;1 � Iþi , which, if lenðIi;1Þ � 2D, is

at least tyi;1 þ 2D, and once again the corresponding refer-

ence periods would not intersect. Thus, we must have
lenðIi;1Þ < 2D. tu

Lemma 4.5. For no i, 1 � i � m, is there any point t 2 ½I�i ; Iþi Þ
that is contained in more than two reference periods.

Proof. Suppose there are such an i and t. Then, there are

indices j > h > g > i and reference points tyj;1, t
y
h;1, and

tyg;1, for which bin bi is the reference bin and such that t is

in the reference period for each. (The second indices of
all the reference points must be 1 by Lemma 4.4(c) and
(d), since each is involved in an intersection).

By Lemma 4.4(b) and the fact that all items are
of interval length at least D, we must have tyh;1 �
Iþg � I�g þ D. Similarly, we must have tyj;1 � I�h þ D. But

recall that by definition we have I�h ¼ tyh;1. Thus, we have

tyj;1 � I�g þ 2D, and so the reference periods for tyj;1 and

tyg;1 cannot intersect, and so t cannot belong to both, a

contradiction. tu
By Feature (f.1), we have lenðIi;jÞ < ðmþ 4ÞD for all sub-

periods. Thus, by (5) and Bound (b.2), there are at least

Pm
i¼1 lenðILi Þ
ðmþ 4ÞD ¼ TotalCostðPFF;RÞ � spanðRÞ

ðmþ 4ÞD
� TotalCostðPFF;RÞ �OPTtotalðRÞ

ðmþ 4ÞD

such periods. Now, by (7), we know that the reference
period for each subperiod contains a total resource
demand of at least ð1� 1

b
ÞD. By Lemma 4.5, no point is in

more than two of these reference periods, so we have

OPTtotalðRÞ ¼
X
r2R

uðrÞ

� 1

2
� 1� 1

b

� �
D � TotalCostðPFF;RÞ �OPTtotalðRÞ

ðmþ 4ÞD

�
1� 1

b

2mþ 8
� ðTotalCostðPFF;RÞ �OPTtotalðRÞÞ:

and hence

OPTtotalðRÞ

�
1� 1

b

2mþ 8

 !
� 2mþ 8

2mþ 8þ 1� 1
b

 !
� TotalCostðPFF;RÞ

�
1� 1

b

2mþ 9

 !
� TotalCostðPFF;RÞ:

This implies an upper bound ð b
b�1Þ � ð2mþ 9Þ on the competi-

tive ratio for our restricted item lists (with items of

size smaller than 1
b
). The remainder of the section will show

how to improve it by finding as-yet-uncounted quantities
of resource demand to increase the lower bound on
OPTtotalðRÞ, and by providing a way of accounting for the

items of size exceeding 1
b
so that the result can be extended

to arbitrary instances.
Let IL;1 be the set of all subperiods of the form Ii;1 and IL;2

be the set of all subperiods of the form Ii;j where j � 2. Since
all the periods in IL;2 have the same length (Feature (f.2)), we
call them the regular periods.

Lemma 4.4 implies that only the periods in IL;1 may have
intersecting reference periods. If the reference periods of Ii;1
and Ih;1 intersect and i < h (i.e., I�i;1 � I�h;1), we call Ii;1 the

front-intersect period of Ih;1 and call Ih;1 the back-intersect
period of Ii;1. For any period Ii;1, if Ii;1 has two front-intersect
or two back-intersect periods, it implies a common point in
three reference periods, which contradicts Lemma 4.5.
Thus, we have the following corollary.

Lemma 4.6. For each period Ii;1, there is at most one front-inter-
sect period and at most one back-intersect period of Ii;1.
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Next, we construct pairs for the periods in IL;1 according
to the following rule. Consider each period Ii;1 2 IL;1 in the
ascending order of i. If Ii;1 has not been added into any pair
and Ii;1 has a “back-intersect” period (denoted by Ii0;1), we

construct a pair ðIi;1; Ii0;1Þ. We name the pair as a joint period
and denote it by Ji;i0 (where i < i0). We define the reference

period of the joint period Ji;i0 as the reference period of Ii;1,

i.e., pyi;1. Note that a period in IL;1 that has no “back-inter-

sect” period might not be added into any pair. We name
such period as a single period. An example of the pairing pro-
cess is shown in Fig. 7.

Lemma 4.7. The reference periods of all the joint periods and sin-
gle periods do not intersect with one another.

Proof. Suppose we have two single/joint periods X1 and
X2, whose reference periods intersect, with the latter hav-
ing the rightmost reference point. For j 2 f1; 2g, let
Iij;1 ¼ Xj if the latter is a single period, and be the first

half of Xj if it is a joint period. The reference points for
X1 and X2 are then I�i1;1 � I�i2;1. If X1 is a single period,

the fact that the reference periods for X1 and X2 intersect
would thus imply that Ii2;1 is the back-intersect period of

Ii1;1. But then we would have made a joint period out of

Ii1;1 and Ii2;1, a contradiction of the fact that it is a single

period. On the other hand, if X1 is a joint period Ji1;h,

then the reference periods for Ii1;1 and Ih;1 must both con-

tain the rightmost point x in the reference period for Ii1;1.

But so would the reference period for I�i2;1, by our

hypothesis that the reference periods forX1 andX2 inter-
sect, and that I�i1;1 � I�i2;1. Thus, x would be contained in

three reference periods, violating Lemma 4.5. tu

Let J denote the set of all the joint periods and S denote
the set of all the single periods. Now, IL has been divided
into three subsets:

IL ¼ IL;2 [ J [ S: (8)

Let set PðIL;2Þ denote the reference periods of all the regu-
lar periods in IL;2. Let set PðJÞ denote the reference peri-
ods of all the joint periods in J, and let set PðSÞ denote
the reference periods of all the single periods in S.
Lemma 4.7 together with Lemma 4.4 imply that the refer-
ence periods of all the joint periods, single periods and
regular periods do not intersect.

Lemma 4.8. All the reference periods in PðIL;2Þ [ PðJÞ [ PðSÞ do
not intersect with one another.

It follows from Lemma 4.8 that the overall resource
demand of the entire item list is at least the sum of the
resource demands of all the reference periods in PðIL;2Þ

[ PðJÞ [ PðSÞ. To approximate the overall resource demand
more closely, in the next section, we further introduce some
extra reference periods that do not intersect with those in
PðIL;2Þ [ PðJÞ [ PðSÞ.

4.3.2 Adding Extra Reference Periods

We define the length of a joint period as the total length of
the two periods in the pair, that is, lenðJi;i0 Þ ¼ lenðIi;1Þ þ
lenðIi0;1Þ. Note that by Lemma 4.4(b), Iþ

i0;1 � I�i;1 þ lenðJi;i0 Þ.
According to Feature (f.1) and Lemma 4.4(e), the maxi-

mum possible length of a joint period is 2Dþ ðmþ 4ÞD ¼
ðmþ 6ÞD. We further divide the joint periods in J into long
joint periods and short joint periods. Long joint periods are
those longer than ðmþ 3ÞD, and short joint periods are those
shorter than or equal to ðmþ 3ÞD. Let JL and JS denote the
sets of long joint periods and short joint periods respec-
tively. Then, J ¼ JL [ JS.

For each long joint period Ji;i0 , we are going to introduce

an extra reference point t]
i0;1 in the interval ½I�i0;1; Iþi0;1 � 2DÞ.

Note that this is a non-empty interval since, by Lemma 4.4
(e) and the definition of long joint period, lenðIi0;1Þ >
ðmþ3ÞD�lenðIi;1Þ > ðmþ3ÞD�2D ¼ ðmþ 1ÞD > 2D. If I�i0;1 �
Iþ
i0;1 � ðmþ 2ÞD, then t]

i0;1 is simply our old ty
i0;1 ¼ I�i0;1. Other-

wise, let t]
i0;1 be the time when the first new item was packed

into bin bi0 during the interval ½Iþ
i0;1 � ðmþ 2ÞD; Iþ

i0;1 � 2DÞ.
Such a time must exist, since the interval is of length mD,
and if no items were packed in that interval, the bin would

have become empty at or before time Iþ
i0;1 � 2D contradicting

the fact that it remained open until time Iþ
i0;1.

Similar to the reference point, Lemma 4.3 also applies to
the extra reference point. So, there must exist at least one
bin bh satisfying h < i0 and t]

i0;1 < Iþh . Among all these bins,
we define the last opened bin (the bin with the highest

index) as the extra reference bin of Ji;i0 , and denote it by b]
i0;1.

If the length of the long joint period fulfils lenðJi;i0 Þ �
ðmþ 4ÞD, the extra reference period of Ji;i0 associated with bin

b]
i0;1, denoted by p]

i0;1, is defined to be the time interval ½t]
i0;1�

D; t]
i0;1 þ DÞ. Otherwise, it is the time interval ½t]

i0;1 � di;i0 ;

t]
i0;1 þ di;i0 Þ, where di;i0 ¼ lenðJi;i0 Þ � ðmþ 3ÞD < D. Some

examples of the extra reference periods of long joint periods
are shown in Figs. 8a, 8b and 8c. It can be proven that the
extra reference period does not intersect with the standard
reference period for Ji;i0 . For the case where lenðJi;i0 Þ �
ðmþ 4ÞD, since we have t]

i0;1 � Iþ
i0;1 � ðmþ 2ÞD � I�i;1 þ 2D ¼

tyi;1 þ 2D, the two reference points are too far apart for their

reference periods to intersect. For the case where ðmþ 3ÞD
< lenðJi;i0 Þ < ðmþ 4ÞD, we have t]

i0;1 � ðtyi;1þ DÞ � Iþ
i0;1� ðm þ

2ÞD� tyi;1 � D ¼ Iþi0;1 � I�i;1 � ðmþ 3ÞD � lenðJi;i0 Þ � ðmþ 3ÞD ¼ di;i0 .

Hence, the extra reference period and the standard refer-
ence period do not intersect either.

According to First Fit, the level of the extra reference bin

b]
i0;1 must be higher than 1� 1

k at the extra reference point

t]
i0;1. Denote by uðp]

i0;1Þ the total resource demand of the

items in bin b]
i0;1 over the extra reference period p]

i0;1. Since

Fig. 7. An example of pairing.
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each item resides in the system for at least D time (the mini-
mum item interval length), in the case of lenðJi;i0 Þ �
ðmþ 4ÞD, we have

uðp]
i0;1Þ �

�
1� 1

b

�
� D: (9)

In the case of ðmþ 3ÞD < lenðJi;i0 Þ < ðmþ 4ÞD, since the

extra reference period p]
i0;1 extends from t]

i0;1 forwards and

backwards each by di;i0 < D, the resource demand uðp]
i0;1Þ

must satisfy

uðp]
i0;1Þ � 1� 1

b

� �
� di;i0

¼
�
1� 1

b

�
� �lenðJi;i0 Þ � ðmþ 3ÞD�: (10)

According to Feature (f.1), the maximum possible
length of a single period is ðmþ 4ÞD. Similar to the classi-
fication of joint periods, we also divide the single periods
in S into long single periods and short single periods. Long
single periods are those longer than ðmþ 3ÞD, and short
single periods are those shorter than or equal to ðmþ 3ÞD.
Let SL and SS denote the sets of long single periods and
short single periods respectively. Then, S ¼ SL [ SS.

For each long single period Ii;1, its reference point

is tyi;1 ¼ I�i;1 (Feature (f.4)). Since lenðIi;1Þ ¼ Iþi;1 � I�i;1 >
ðmþ 3ÞD, we have Iþi;1 � ðmþ 2ÞD > I�i;1. Recall that mD is the

maximum item interval length. Thus, at least one new item

must be packed into bin bi during the interval ½Iþi;1�
ðmþ 2ÞD; Iþi;1 � 2DÞ. Let t]i;1 denote the time when the first

new item is packed into bi during ½Iþi;1 � ðmþ 2ÞD; Iþi;1 � 2DÞ.
We refer to t]i;1 as the extra reference point of the long single

period Ii;1. Again, Lemma 4.3 applies to the extra reference
point. So, there must exist at least one bin bh satisfying h < i

and t]i;1 < Iþh . Among all these bins, we define the last

opened bin (the bin with the highest index) as the extra refer-

ence bin of Ii;1, and denote it by b]i;1. The extra reference period

of Ii;1 associated with bin b]i;1, denoted by p]i;1, is ½t]i;1 �
di; t

]
i;1 þ diÞ, where di ¼ lenðIi;1Þ � ðmþ 3ÞD < D. An example

of the extra reference period of a long single period is shown

in Fig. 8d. Note that t]i;1 � ðtyi;1 þ DÞ � Iþi;1 � ðmþ 2ÞD � I�i;1�
D ¼ lenðIi;1Þ � ðmþ 3ÞD ¼ di. Hence, the extra reference
period does not intersect with the standard reference period
for Ii;1. Since di < D, similar to (10), the resource demand

uðp]i;1Þ for the extra reference period must satisfy

uðp]i;1Þ � 1� 1

b

� �
� di

¼
�
1� 1

b

�
� ðlenðIi;1Þ � ðmþ 3ÞDÞ:

(11)

Lemma 4.4 is also applicable to the extra reference
periods of long joint periods and long single periods. In
the following, we analyze the intersection for the extra
reference periods.

Lemma 4.9. No extra reference period intersects with another
valid reference period, either another extra one or one corre-
sponding to a reference point for a period other than the second
component for a joint period.

Proof. Consider an extra reference period p] in bin bh. Sup-
pose that this period is generated by an extra reference

point t] in bin bi (in particular, t] is in Ii;1) and suppose
that the extra reference period is intersected by another
reference period in bh, generated by a reference point t
(extra or standard) in bin bj. Let t

þ be the right endpoint

of the joint/single period containing t], and recall that by
our choices of extra reference points, we must have

t] � tþ � 2D.
If j > i, we know that all reference points in bin bj that

map to bin bh must be at least as large as Iþi , and thus be

at least 2D away from t], and hence cannot yield inter-
secting reference periods.

If j ¼ i, then t cannot come from the same period as t],
since we have already seen that the extra and standard
reference periods for reference points in the same single
period do not intersect. So, this means that t is in some
period Ii;g with g > 1, and hence is to the right of the

interval Ii;1 containing t]. But, as already observed, t] is
at least 2D from the right endpoint of that interval, and
hence at least that far from t, so the two reference periods
cannot intersect.

Finally, assume j < i, in which case we must have

t < Iþj � t]. If t comes from an interval Ij;g with g > 1, we

know that the interval has length ðmþ 2ÞD and t was
the first item to enter the bin during the interval. Hence,

it must have arrived by time t�j;g þ mD � Iþj;g� 2D �
Iþj � 2D, and once again the two points are too far apart

to yield intersecting reference periods. So, t must come
from the interval Ij;1. If it is an extra reference point, then

it is at least 2D to the left of Iþj , and once again is too far

from t]. If t is a standard reference point, then it must be
I�j;1. But now consider the subperiod Ii;1 of bin bi that

Fig. 8. Examples of extra reference periods.
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contains t]. Since j < i, we must have t ¼ I�j;1 � I�i;1 ¼ tyi;1,
and if the reference period for t] intersects that for t, then

so does that for tyi;1. Consequently, Ij;1 is the front-inter-

sect period for Ii;1. Since t is a standard reference point,
interval Ij;1 cannot be the second half of a joint period.
But this means that our joint period construction routine
must have made a joint period out of Ij;1 and Ii;1, and we
have already observed that the standard and extra refer-
ence periods for a joint period do not intersect.

Thus, all possibilities lead to a contradiction, and the
Lemma holds. tu

Let set P]ðJLÞ denote the extra reference periods of all the

long joint periods in JL, and let set P]ðSLÞ denote the extra
reference periods of all the long single periods in SL.
Lemmas 4.8 and 4.9 together have shown that all the extra

reference periods in P]ðJLÞ [ P]ðSLÞ and all the standard ref-
erence periods in PðIL;2Þ [ PðJÞ [ PðSÞ do not intersect with
one another. Thus, their total resource demand is given by
the sum of their individual resource demands.

4.3.3 Calculating Total Resource Demand

Next, we calculate the ratio of the total resource demand
to the total length of the reference and extra reference
periods. Recall that J ¼ JL [ JS and S ¼ SL [ SS. It follows
from (8) that IL ¼ IL;2 [ JL [ JS [ SL [ SS. For convenience,
we also divide PðJÞ into PðJLÞ and PðJSÞ, which are the
reference periods of the long joint periods and the short
joint periods respectively. Similarly, we divide PðSÞ
into PðSLÞ and PðSSÞ, which are the reference periods
of the long single periods and the short single periods
respectively.

For each regular period Ii;j 2 IL;2, according to (7), its ref-

erence period pyi;j has the resource demand uðpyi;jÞ � ð1� 1
b
ÞD.

Since lenðIi;jÞ ¼ ðmþ 2ÞD (Feature (f.2)), it follows that

uðpyi;jÞ �
ð1� 1

b
ÞD

ðmþ 2ÞD � lenðIi;jÞ >
1� 1

b

mþ 3
� lenðIi;jÞ:

For convenience, we extend the notation uð�Þ to a set of ref-
erence periods. For example, uðPðIL;2ÞÞ represents the total
resource demand of the reference periods in PðIL;2Þ. Then,
we have

uðPðIL;2ÞÞ ¼
X

p
y
i;j
2PðIL;2Þ

u
�
pyi;j
�

>
1� 1

b

mþ 3
�
X

Ii;j2IL;2
lenðIi;jÞ

¼
1� 1

b

mþ 3
� lenðIL;2Þ;

(12)

where lenðIL;2Þ is the total length of the periods in IL;2.
For each long joint period Ji;i0 2 JL, if lenðJi;i0 Þ �

ðmþ 4ÞD, according to (7) and (9), its reference period pyi;1
has the resource demand uðpyi;1Þ � ð1� 1

b
ÞD, and its extra ref-

erence period p]
i0;1 has the resource demand uðp]

i0;1Þ �
ð1� 1

b
ÞD. Based on Lemma 4.4(e) and Feature (f.1), we have

lenðJi;i0 Þ < 2Dþ ðmþ 4ÞD ¼ ðmþ 6ÞD. Thus,

uðpyi;1Þ þ uðp]
i0;1Þ � 2 �

�
1� 1

b

�
D

>
2 � ð1� 1

b
ÞD

ðmþ 6ÞD � lenðJi;i0 Þ

>
1� 1

b

mþ 3
� ðlenðIi;1Þ þ lenðIi0;1ÞÞ:

If ðmþ 3ÞD < lenðJi;i0 Þ < ðmþ 4ÞD, according to (10),

the extra reference period p]
i0;1 has the resource demand

uðp]
i0;1Þ � ð1� 1

b
Þ � ðlenðJi;i0 Þ � ðmþ 3ÞDÞ. Thus,

u
�
pyi;1
�þ u

�
p]
i0;1
�

�
�
1� 1

b

�
� ðDþ lenðJi;i0 Þ � ðmþ 3ÞDÞ

¼
�
1� 1

b

�
� ðlenðJi;i0 Þ � ðmþ 2ÞDÞ:

Since lenðJi;i0 Þ > ðmþ 3ÞD, we have

mþ 2

mþ 3

� �
� lenðJi;i0 Þ > ðmþ 2ÞD;

and hence

lenðJi;i0 Þ � ðmþ 2ÞD > 1� mþ 2

mþ 3

� �
� lenðJi;i0 Þ

¼ lenðJi;i0 Þ
mþ 3

:

As a result, it again holds that

uðpyi;1Þ þ uðp]
i0;1Þ >

1� 1
b

mþ 3
� lenðJi;i0 Þ

¼
1� 1

b

mþ 3
� ðlenðIi;1Þ þ lenðIi0;1ÞÞ:

Therefore,

uðPðJLÞ [ P]ðJLÞÞ
¼

X
p
y
i;1

2PðJLÞ
u
�
pyi;1
�þ X

p
]

i0 ;12P
]ðJLÞ

u
�
p]
i0;1
�

>
1� 1

b

mþ 3
�
X

Ji;i0 2JL
ðlenðIi;1Þ þ lenðIi0;1ÞÞ

¼
1� 1

b

mþ 3
� lenðJLÞ:

(13)

For each short joint period Ji;i0 2 JS, according to (7),

its reference period pyi;1 has the resource demand uðpyi;1Þ �
ð1� 1

b
ÞD. Since lenðJi;i0 Þ � ðmþ 3ÞD, it follows that

uðpyi;1Þ �
ð1� 1

b
ÞD

ðmþ 3ÞD � lenðJi;i0 Þ

¼
1� 1

b

mþ 3
� ðlenðIi;1Þ þ lenðIi0;1ÞÞ:
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Thus,

uðPðJSÞÞ ¼
X

p
y
i;1

2PðJSÞ
u
�
pyi;1
�

�
1� 1

b

mþ 3
�
X

Ji;i0 2JS
ðlenðIi;1Þ þ lenðIi0;1ÞÞ

¼
1� 1

b

mþ 3
� lenðJSÞ:

(14)

For each long single period Ii;1 2 SL, remember that
ðmþ 3ÞD < lenðIi;1Þ < ðmþ 4ÞD. According to (7) and (11),

its reference period pyi;1 has the resource demand uðpyi;1Þ �
ð1� 1

b
ÞD, and its extra-reference period p]i;1 has the resource

demand uðp]i;1Þ � ð1� 1
b
Þ � ðlenðIi;1Þ � ðmþ 3ÞDÞ. Thus,

uðpyi;1Þ þ uðp]i;1Þ �
�
1� 1

b

�
� ðDþ lenðIi;1Þ � ðmþ 3ÞDÞ

¼
�
1� 1

b

�
� ðlenðIi;1Þ � ðmþ 2ÞDÞ:

Since lenðIi;1Þ > ðmþ 3ÞD, we have

mþ 2

mþ 3

� �
� lenðIi;1Þ > ðmþ 2ÞD;

and hence

lenðIi;1Þ � ðmþ 2ÞD > 1� mþ 2

mþ 3

� �
� lenðIi;1Þ

¼ lenðIi;1Þ
mþ 3

:

As a result,

u
�
pyi;1
�þ u

�
p]i;1
�
>

1� 1
b

mþ 3
� lenðIi;1Þ:

Therefore,

uðPðSLÞ [ P]ðSLÞÞ ¼
X

p
y
i;1

2PðSLÞ
uðpyi;1Þ þ

X
p
]
i;1

2P]ðSLÞ
u
�
p]i;1
�

>
1� 1

b

mþ 3
�
X

Ii;12SL
lenðIi;1Þ

¼
1� 1

b

mþ 3
� lenðSLÞ:

(15)

For each short single period Ii;1 2 SS, according to (7),

its reference period pyi;1 has the resource demand uðpyi;1Þ �
ð1� 1

b
ÞD. Since lenðIi;1Þ � ðmþ 3ÞD, it follows that

uðpyi;1Þ �
ð1� 1

b
ÞD

ðmþ 3ÞD � lenðIi;1Þ ¼
1� 1

b

mþ 3
� lenðIi;1Þ:

Thus,

uðPðSSÞÞ ¼
X

p
y
i;1

2PðSSÞ
u
�
pyi;1
�

�
1� 1

b

mþ 3
�
X

Ii;12SS
lenðIi;1Þ

¼
1� 1

b

mþ 3
� lenðSSÞ:

(16)

Combining (12), (13), (14), (15), and (16), we have

uðPðIL;2Þ [ PðJÞ [ PðSÞ [ P]ðJLÞ [ P]ðSLÞÞ
¼ uðPðIL;2Þ [ PðJLÞ [ PðJSÞ [ PðSLÞ [ PðSSÞ [ P]ðJLÞ [ P]ðSLÞÞ
¼ uðPðIL;2ÞÞ þ uðPðJLÞ [ P]ðJLÞÞ þ uðPðJSÞÞ þ uðPðSLÞ [ P]ðSLÞÞ
þ uðPðSSÞÞ

�
1� 1

b

mþ 3
� lenðIL;2Þ þ lenðJLÞ þ lenðJSÞ
� þlenðSLÞ þ lenðSSÞÞ

¼
1� 1

b

mþ 3
� lenðILÞ:

(17)

The overall resource demand uðRÞ of the entire item list

is at least uðPðIL;2Þ [ PðJÞ [ PðSÞ [ P]ðJLÞ [ P]ðSLÞÞ. Thus, it
follows that

uðRÞ �
1� 1

b

mþ 3
� lenðILÞ: (18)

According to (5), (6) and (18), we have

TotalCostðPFF;RÞ ¼ lenðILÞ þ spanðRÞ
� mþ 3

1� 1
b

� uðRÞ þ spanðRÞ: (19)

It follows from Bounds (b.1) and (b.2) that

TotalCostðPFF;RÞ � b

b� 1
� mþ 3b

b� 1
þ 1

� �
�OPTtotalðRÞ:

Therefore, we have the following result.

Theorem 4.10. For the MinTotal DBP problem, for any item
list R, if the item size sðrÞ < 1

b
(b > 1 is a constant) for all the

items r 2 R, the total cost of First Fit is at most ð b
b�1 � m þ

3b
b�1 þ 1Þ �OPTtotalðRÞ.

4.3.4 The General Case

Now, we consider the general case for First Fit. We follow
the above analysis for Theorem 4.10.

Consider a period Ii;j in IL;2 [ SL [ SS or a joint period

Ji;i0 in JL [ JS. Recall that its reference period pyi;j is the time

interval ½tyi;j � D; tyi;j þ DÞ associated with the reference bin

byi;j. Let p
z
i;j denote the same time interval ½tyi;j � D; tyi;j þ DÞ

associated with bin bi. We refer to pzi;j as the auxiliary period

of Ii;j or Ji;i0 . Fig. 9 shows an example of auxiliary periods.

In the above analysis for Theorem 4.10, we have shown
that for each reference period pyi;j, a new item was packed

into bi at time tyi;j. According to First Fit, after this item is
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packed, the total level of bins bi and byi;j should exceed 1.

Otherwise, the new item would have been packed into byi;j
instead. Moreover, since D is the minimum item interval

length, all the items in bin bi at time tyi;j must reside in the

system for at least D time during the auxiliary period pzi;j,

and all the items in bin byi;j at time tyi;j must reside in the sys-

tem for at least D time during the reference period pyi;j. It fol-
lows that the total resource demand of the items in bin bi

over pzi;j and the items in bin byi;j over p
y
i;j satisfies

uðpyi;jÞ þ uðpzi;jÞ � D: (20)

Similarly, for each long joint period Ji;i0 (and each long

single period Ii0;1), we define its extra auxiliary period p
x
i0;1 as

the same time interval as its extra reference period but associ-
ated with bin bi0 . For the case of a long joint period Ji;i0
with length between ðmþ 3ÞD and ðmþ 4ÞD, the total
resource demand of the items in bin bi0 over the extra auxil-

iary period p
x
i0;1 and the items in bin b]

i0;1 over the extra refer-

ence period p]
i0;1 satisfies

uðp]
i0;1Þ þ uðpx

i0;1Þ � lenðIi;1Þ þ lenðIi0;1Þ � ðmþ 3ÞD: (21)

For the case of a long joint period Ji;i0 with length above
ðmþ 4ÞD, the total resource demand satisfies

uðp]
i0;1Þ þ uðpx

i0;1Þ � D: (22)

For the case of a long single period Ii0;1, the total resource
demand satisfies

uðp]
i0;1Þ þ uðpx

i0;1Þ � lenðIi0;1Þ � ðmþ 3ÞD: (23)

According to the previous analysis, all the reference/
extra reference periods in PðIL;2Þ [ PðJÞ [ PðSÞ [ P]ðJLÞ [
P]ðSLÞ do not intersect with each other. Next, we examine
the intersection among the auxiliary/extra auxiliary periods.

Lemma 4.11. All the auxiliary/extra auxiliary periods do not
intersect with one another.

Proof. First, it is apparent that any two extra auxiliary peri-
ods px

i0
1
;1
and p

x
i0
2
;1
do not intersect because there is at most

one per bin.
Next, we show that any two auxiliary periods pzi1;j1

and pzi2;j2 do not intersect. If i1 6¼ i2, p
z
i1;j1

and pzi2;j2 do not

intersect since they are associated with different bins. If
i1 ¼ i2, without loss of generality, suppose j1 < j2. Since

there are at least two subperiods in the bin, this means
that lenðIi1;j1Þ � 2D and so, by now familiar arguments,

the reference point of Ii1;j1 is at least 2D to the left of the

right endpoint of Ii1;j1 , and hence the auxiliary reference

period of Ii1;j1 cannot intersect with any subsequent

ones. Therefore, pzi1;j1 and pzi2;j2 do not intersect.

Finally, we show that an extra auxiliary period p
x
i0;1

does not intersect with an auxiliary period pzj;h. If i
0 6¼ j,

p
x
i0;1 and pzj;h do not intersect because they are associated

with different bins. If i0 ¼ j and h � 2, we are in the
same situation as in the previous case and there can be
no intersection. So, assume that h ¼ 1 and hence both the
auxiliary reference period and the extra auxiliary refer-
ence period come from the same subperiod Ij;1. We
already argued in the proof of Lemma 4.9 that the refer-
ence and extra reference periods for this subperiod do
not intersect even if they are associated with the same
bin. Thus, neither do the corresponding auxiliary and
extra auxiliary periods. tu
Since all the reference/extra reference periods of those in

PðIL;2Þ [ PðJÞ [ PðSÞ [ P]ðJLÞ [ P]ðSLÞ do not intersect and
all the auxiliary/extra auxiliary periods do not intersect
either, any time point associated with each bin can be shared
by at most one reference/extra reference period and one
auxiliary/extra auxiliary period. Therefore, similar to the
derivation of (18), it follows from (20), (21), (22) and (23) that

uðRÞ � 1

2
� 1

mþ 3
� lenðILÞ: (24)

According to (5), (6) and (24), we have

TotalCostðPFF;RÞ � 2ðmþ 3Þ � uðRÞ þ spanðRÞ
� ð2mþ 6Þ �OPTtotalðRÞ þOPTtotalðRÞ
� ð2mþ 7Þ �OPTtotalðRÞ:

Therefore, we have the following result.

Theorem 4.12. The MinTotal DBP competitive ratio of First Fit
has an upper bound of 2mþ 7.

4.4 A Hybrid First Fit Packing Algorithm

Theorem 4.10 shows that the total cost of First Fit is much
related to the item sizes. Inspired by Theorem 4.10, we pro-
pose a new Hybrid First Fit algorithm that can achieve
improved competitive ratios.

� Hybrid First Fit (HFF). Define a variable b > 1. The

items with sizes equal to or larger than 1
b
are classified

as large items. The items with sizes smaller than 1
b
are

classified as small items. Hybrid First Fit uses the
Modified First Fit algorithm defined in Section 3.2 to
pack the large items and the small items separately.

Theorem 4.13. Hybrid First Fit can achieve a MinTotal DBP
competitive ratio no larger than 5

4mþ 19
4 when m is not known

and a competitive ratio no larger than mþ 5 when m is known.

Proof. Given an item list R, let RL denote the set of all the
large items and RS denote the set of all the small items.

Then, sðrÞ � 1
b
for all r 2 RL, and sðrÞ < 1

b
for all r 2 RS.

Fig. 9. An example of auxiliary periods.

168 IEEE TRANSACTIONS ON PARALLEL AND DISTRIBUTED SYSTEMS, VOL. 27, NO. 1, JANUARY 2016



The total cost of any packing algorithm is bounded
by that of assigning each item to a new bin, i.e.,P

r2R lenðIðrÞÞ. Thus, for the large items, we have

TotalCostðPHFF;RL
Þ �

X
r2RL

lenðIðrÞÞ

¼
X
r2RL

uðrÞ
sðrÞ �

P
r2RL

uðrÞ
1
b

¼ b � uðRLÞ:

(25)

For the small items, according to (19) in the analysis of
Theorem 4.10, we have

TotalCostðPHFF;RS
Þ � mþ 3

1� 1
b

� uðRSÞ þ spanðRSÞ:

Note that uðRLÞ � uðRÞ, uðRSÞ � uðRÞ, and spanðRSÞ �
spanðRÞ. Thus, it follows that

TotalCostðPHFF;RÞ
¼ TotalCostðPHFF;RL

Þ þ TotalCostðPHFF;RS
Þ

� b � uðRLÞ þ mþ 3

1� 1
b

� uðRSÞ þ spanðRSÞ

� max b;
mþ 3

1� 1
b

( )
� uðRÞ þ spanðRÞ:

If the max/min item interval length ratio m is not
known, we can set b ¼ 5 in Hybrid First Fit. In this case,

max b;
mþ 3

1� 1
b

( )
¼ max 5;

5

4
mþ 15

4

� 	
:

Since m � 1, we have 5
4mþ 15

4 � 5. Therefore,

TotalCostðPHFF;RÞ �
� 5
4
mþ 15

4

�
� uðRÞ þ spanðRÞ

�
� 5
4
mþ 19

4

�
�OPTtotalðRÞ:

Thus, when m is not known, Hybrid First Fit can achieve

a competitive ratio no larger than 5
4mþ 19

4 .

If m is known, it can be derived that when b ¼ mþ 4,

maxfb; mþ3

1�1
b

g achieves the smallest value which is given

by mþ 4. Therefore, we have

TotalCostðPHFF;RÞ � ðmþ 4Þ � uðRÞ þ spanðRÞ
� ðmþ 5Þ �OPTtotalðRÞ:

Thus, when m is known,1 Hybrid First Fit can achieve a
competitive ratio no larger than mþ 5. tu

5 CONCLUSIONS

In this paper, we have studied the MinTotal Dynamic Bin
Packing problem that aims to minimize the total cost of the
bins used over time. We have analyzed the competitive
ratios of appropriately modified versions of the classic Any
Fit algorithms for ordinary bin packing, including bounds
on the competitive ratios of arbitrary Any Fit algorithms
and more specific bounds for the modified versions of Best
Fit and First Fit. We also introduced a new online algorithm,
Hybrid First Fit, with a better competitive ratio than we
were able to prove for First Fit. There remains an open ques-
tion of tightening the gap between the current upper and
lower bounds on the competitive ratios of First Fit and
Hybrid First Fit. Another direction for future work is to fur-
ther investigate the constrained Dynamic Bin Packing prob-
lem in which each item is allowed to be assigned to only
a subset of bins to cater for the interactivity constraints of
dispatching playing requests among distributed clouds in
cloud gaming.

ACKNOWLEDGMENTS

This research is supported by Multi-plAtform Game Inno-
vation Centre (MAGIC), funded by the Singapore National
Research Foundation under its IDM Futures Funding Initia-
tive and administered by the Interactive & Digital Media
Programme Office, Media Development Authority. The
authors would like to thank anonymous reviewers for
their helpful suggestions to improve the presentation of this
paper. Y. Li is the corresponding author.

REFERENCES

[1] Distribution and monetization strategies to increase revenues
from cloud gaming. [Online]. Available: http://www.cgconfusa.
com/report/documents/Content-5minCloudGamingReport
Highlights.pdf, 2012.

[2] Gaikai. [Online]. Available: http://www.gaikai.com/, 2014.
[3] Onlive. [Online]. Available: http://www.onlive.com/, 2009-2014.
[4] Streammygame. [Online]. Available: http://www.streammygame.

com/smg/index.php, 2007-2012.
[5] J. Balogh, J. B�ek�esi, and G. Galambos, “New lower bounds for cer-

tain classes of bin packing algorithms,” Approximation Online Algo-
rithms, vol. 6534, pp. 25–36, 2011.

[6] A. Bar-Noy, R. Bar-Yehuda, A. Freund, J. S. Naor, and B. Schieber,
“A unified approach to approximating resource allocation and
scheduling,” J. ACM, vol. 48, no. 5, pp. 735–744, Sep. 2001.

[7] A. Borodin and R. El-Yaniv, Online Computation and Competitive
Analysis. Cambridge, U.K.: Cambridge Univ., 1998, vol. 53.

[8] J. W.-T. Chan, T.-W. Lam, and P. W. Wong, “Dynamic bin packing
of unit fractions items,” Theoretical Comput. Sci., vol. 409, no. 3,
pp. 521–529, 2008.

[9] W.-T. Chan, P. W. Wong, and F. C. Yung, “On dynamic bin pack-
ing: An improved lower bound and resource augmentation analy-
sis,” in Proc. 12th Annu. Int. Conf. Comput. Combinatorics, 2006,
pp. 309–319.

[10] K.-T. Chen, Y.-C. Chang, P.-H. Tseng, C.-Y. Huang, and C.-L. Lei,
“Measuring the latency of cloud gaming systems,” in Proc. ACM
19th ACM Int. Conf. Multimedia, 2011, pp. 1269–1272.

[11] E. G. Coffman, J. Csirik, G. Galambos, S. Martello, and D. Vigo,
“Bin packing approximation algorithms: Survey and classi-
fication,” Handbook of Combinatorial Optimization, 2nd ed. Norwell,
MA, USA: Kluwer, 2013, pp. 455–531.

[12] E. G. Coffman, Jr, M. R. Garey, and D. S. Johnson, “Dynamic bin
packing,” SIAM J. Comput., vol. 12, no. 2, pp. 227–258, 1983.

[13] E. G. Coffman, Jr, M. R. Garey, and D. S. Johnson,
“Approximation algorithms for bin packing: A survey,” Approxi-
mation Algorithms for NP-Hard Problems. Boston, MA, USA: PWS-
Kent, 1997, pp. 46–93.

1. Since m is known, Hybrid First Fit in this case is a semi-online
algorithm. In certain applications such as cloud gaming, it is possible to
estimate the max/min item interval length ratio m according to the sta-
tistics of historical playing data.

LI ET AL.: DYNAMIC BIN PACKING FOR ON-DEMAND CLOUD RESOURCE ALLOCATION 169



[14] M. Flammini, G. Monaco, L. Moscardelli, H. Shachnai, M. Shalom,
T. Tamir, and S. Zaks, “Minimizing total busy time in parallel
scheduling with application to optical networks,” in Proc. IEEE
Int. Symp. Parallel Distrib. Process., 2009, pp. 1–12.

[15] G. Galambos and G. J. Woeginger, “On-line bin packing»a
restricted survey,” Zeitschrift f€ur Oper. Res., vol. 42, no. 1, pp. 25–
45, 1995.

[16] M. R. Garey and D. S. Johnson, Computers and Intractability: A
Guide to the Theory of np-Completeness. San Francisco, CA, USA:
Freeman, 1979.

[17] C.-Y. Huang, C.-H. Hsu, Y.-C. Chang, and K.-T. Chen,
“Gaminganywhere: An open cloud gaming system,” in Proc.
ACM 4th ACMMultimedia Syst. Conf., 2013, pp. 36–47.

[18] Z. Ivkovic and E. L. Lloyd, “Fully dynamic algorithms for bin
packing: Being (mostly) myopic helps,” SIAM J. Comput., vol. 28,
no. 2, pp. 574–611, 1998.

[19] J. W. Jiang, T. Lan, S. Ha, M. Chen, and M. Chiang, “Joint vm
placement and routing for data center traffic engineering,” in
Proc. IEEE INFOCOM, 2012, pp. 2876–2880.

[20] E. L. Lawler, J. K. Lenstra, A. H. Rinnooy Kan, and D. B. Shmoys,
“Sequencing and scheduling: Algorithms and complexity,” Hand-
books Oper. Res. Manag. Sci., vol. 4, pp. 445–522, 1993.

[21] Y. Li, X. Tang, and W. Cai, “On dynamic bin packing for resource
allocation in the cloud,” in Proc. ACM 26th ACM Symp. Parallelism
Algorithms Archit., 2014, pp. 2–11.

[22] G. B. Mertzios, M. Shalom, A. Voloshin, P. W. Wong, and S. Zaks,
“Optimizing busy time on parallel machines,” in Proc. IEEE IEEE
26th Int. Parallel Distrib. Process. Symp., 2012, pp. 238–248.

[23] P. E. Ross, “Cloud computing’s killer app: Gaming,” IEEE Spec-
trum, vol. 46, no. 3, pp. 14–14, Mar. 2009.

[24] S. S. Seiden, “On the online bin packing problem,” J. ACM, vol. 49,
no. 5, pp. 640–671, 2002.

[25] C. Sharon, W. Bernard, G. Simon, C. Rosenberg, et al., “The
brewing storm in cloud gaming: A measurement study on cloud
to end-user latency,” in Proc. 11th Annu. Workshop Netw. Syst. Sup-
port Games, 2012, pp. 1–6.

[26] A. Stolyar, “An infinite server system with general packing con-
straints,” arXiv preprint arXiv:1205.4271, 2012.

[27] C. Zhang, Z. Qi, J. Yao, M. Yu, and H. Guan, “vgasa: Adaptive
scheduling algorithm of virtualized gpu resource in cloud
gaming,” IEEE Trans. Parallel Distrib. Syst., vol. 25, no. 11,
pp. 3036–3045, Nov. 2014.

Yusen Li is currently a research fellow in the
School of Computer Engineering at Nanyang
Technological University. His research interests
include scheduling, resource management issues
in distributed systems and cloud computing.

Xueyan Tang received the BEng degree in com-
puter science and engineering from Shanghai
Jiao Tong University in 1998, and the PhD
degree in computer science from the Hong Kong
University of Science and Technology in 2003.
He is currently an associate professor in the
School of Computer Engineering at Nanyang
Technological University, Singapore. He has
served as an associate editor of the IEEE Trans-
actions on Parallel and Distributed Systems. His
research interests include distributed systems,

mobile and pervasive computing, and wireless sensor networks. He is a
senior member of the IEEE.

Wentong Cai is a professor in the School of Com-
puter Engineering at Nanyang Technological Uni-
versity, Singapore. His expertise is mainly in the
areas of modeling and simulation and parallel and
distributed computing. He is an associate editor of
theACMTransactions onModeling andComputer
Simulation (TOMACS) and an editor of the Future
Generation Computer Systems (FGCS). He has
chaired a number of international conferences.
Most recent ones include CloudCom 2014, SIMU-
Tools 2013, ICPADS 2012, andMACOTS 2011.

" For more information on this or any other computing topic,
please visit our Digital Library at www.computer.org/publications/dlib.

170 IEEE TRANSACTIONS ON PARALLEL AND DISTRIBUTED SYSTEMS, VOL. 27, NO. 1, JANUARY 2016



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


